and references therein). An arbitrary IP-loop Y is a loop with a restriction: for each x ∈ Y there exist elements x 1 and x 2 in Y such that for each y in Y the identities are satisfied x 1 (xy) = y and (yx)x 2 = y, where x 1 and x 2 are also denoted by In an appendix abundant families of fan loops are provided with the help of a direct product and smashing products (see Remark 4.3 and Definition 4.5). For this purpose Theorems 4.1 and 4.4 are proved.
and references therein). An arbitrary IP-loop Y is a loop with a restriction: for each x ∈ Y there exist elements x 1 and x 2 in Y such that for each y in Y the identities are satisfied x 1 (xy) = y and (yx)x 2 = y, where x 1 and x 2 are also denoted by −1 x and x −1 and called left and right inverses of x respectively. It was investigated and proved in the 20-th century that a nontrivial geometry exists if and only if there exists a corresponding loop.
Very important role in mathematics and quantum field theory play octonions and generalized Cayley-Dickson algebras [1, 2, 3, 10] . A multiplicative law of their canonical bases is nonassociative and leads to a more general notion of a metagroup instead of a group [30] . They are used not only in algebra and geometry, but also in noncommutative analysis and PDEs, particle physics, mathematical physics (see [3, 9, 10, 13] - [17, 20] - [29] and references therein). The preposition "meta" is used to emphasize that such an algebraic object has properties milder than a group. By their axiomatic metagroups are loops with weak relations. They were used in [30] for investigations of automorphisms and derivations of nonassociative algebras.
In this article more general binary systems such as fan loops are studied All main results of this paper are obtained for the first time. They can be used in harmonic analysis on nonassociative algebras and metagroups and loops, representation theory, geometry, mathematical physics, quantum field theory, particle physics, PDEs, etc.
Fan loops.
To avoid misunderstandings we give necessary definitions. For short it will be written fan loop instead of nonassociative fan loop.
2.1. Definition. Let G be a set with a multiplication (that is a singlevalued binary operation) G 2 ∋ (a, b) → ab ∈ G defined on G satisfying the conditions:
(2.1.1) for each a and b in G there is a unique x ∈ G with ax = b and (2.1.2) a unique y ∈ G exists satisfying ya = b, which are denoted by x = a \ b = Div l (a, b) and y = b/a = Div r (a, b) correspondingly, (2.1.3) there exists a neutral (i.e. unit) element e G = e ∈ G: eg = ge = g for each g ∈ G.
We consider subsets in G:
(2.1.4) Com(G) := {a ∈ G : ∀b ∈ G, ab = ba}; (2.1.5) N l (G) := {a ∈ G : ∀b ∈ G, ∀c ∈ G, (ab)c = a(bc)}; (2.1.6) N m (G) := {a ∈ G : ∀b ∈ G, ∀c ∈ G, (ba)c = b(ac)}; (2.1.7) N r (G) := {a ∈ G : ∀b ∈ G, ∀c ∈ G, (bc)a = b(ca)}; for each a and b in G, where t 2 (a, b) ∈ Z(G).
Let τ be a topology on G such that the multiplication G × G ∋ (a, b) → ab ∈ G and the mappings Div l (a, b) and Div r (a, b) are jointly continuous relative to τ , then (G, τ ) will be called a topological fan loop. Henceforth it will be assumed that τ is the T 1 ∩ T 3.5 topology, if something other will not be specified.
A minimal closed subgroup N 0 (G) in the topological fan loop G containing t(a, b, c) and p(a, b, c) for each a, b and c in G will be called a fan of G.
Elements of the fan loop G will be denoted by small letters, subsets of G will be denoted by capital letters. If A and B are subsets in G, then A − B means the difference of them A − B = {a ∈ A : a / ∈ B}. Henceforward, maps and functions on fan loops are supposed to be single-valued if something other will not be specified. (a(b(b \ e)))(a \ e) = e. 
Lemma. If
Proof. Since (a 1 a 2 )a 3 = t(a 1 , a 2 , a 3 )a 1 (a 2 a 3 ) and t(a 1 , a 2 , a 3 ) ∈ N(G) for
Therefore, for every a 1 , a 2 , a 3 in G and z 1 , z 2 , z 3 in Z(G) we infer that
for each q ∈ Z(G), a and b in G, because Z(G) is the commutative group satisfying Conditions (2.1.4) and (2.1.8). Thus t(z 1 a 1 , z 2 a 2 , z 3 a 3 ) = t(a 1 , a 2 , a 3 ).
Symmetrically we get
that provides (2.3.1 ′ ).
From Formulas (2.3.5) and (2.2.1) it follows that t(a, a\e, a) = ((a(a\e))a)/(a((a\e)a)) = a/[at(e/a, a, a\e)], consequently, (2.3.8) t(a, a \ e, a)at(e/a, a, a \ e) = a. 
from which and (2.2.5) and (2.3.5) Identity (2.3.3) follows, because b ∈ N(G).
and (2.2.4) and (2.3.7) imply Identity (2.3.3 ′ ). Symmetrically we deduce
) and Proof. Take any c ∈ Ub and consider the equation 2.6. Lemma. Let (G, τ ) be a topological loop.
(i). Let also U and V be subsets in
then UV is open in G.
(ii). If A and B are compact subsets in G, then AB is compact.
(iii).
For each open neighborhood U of e in G there exists an open neighborhood V of e such that (2.6.1)V ⊆ U, where
where Inv l (a) = Div l (a, e), Inv r (a) = Div r (a, e) for each a ∈ G,
(2.6.5) Inv r (D) = {x = e/a : a ∈ D} for any subsets D and Q in G.
Proof. (i). In view of Lemma 2.5 Ub and aV are open in G for each a ∈ U and b ∈ V , consequently, UV = {x :
where G × G is supplied with the product (i.e. Tychonoff) topology, consequently, AB is a compact subset in G (see From (2.6.6) we infer that Inv r (Inv l (U)) = U and Inv l (Inv r (U)) = U, for each x and y in G.
A family of cosets {bH : b ∈ G} will be denoted by G/ · /N 0 .
Theorem.
If G is a T 1 topological fan loop, then its fan N 0 is a normal subgroup and its quotient G/ · /N 0 is a T 1 ∩ T 3.5 topological group.
Proof. Let τ be a T 1 topology on G relative to which G is a topological loop. Then each point x in G is closed, since G is the are subgroups in G satisfying Conditions (2.7.2), because N 0 ⊆ N (see also [8, 34] ).
Let a and b belong to N and x ∈ G. Then x(x \ (ab)) = ab and
Similarly it is deduced
Therefore from (2.1.9) and (2.2.4) and (2.8.1) it follows that
for each a and
for each u, v, x and y in G, since
In particular for u = a(bc) and v = (ab)c with any a, b and c in G we infer using (2.1.9) that ux = (a(b(cx)))p(b, c, x)p(a, bc, x) and vx = (ab)(cx)p(ab, c, x), hence from (2.8.4) and (2.3.7) it follows that
Notice that (2.1.1), (2.1.2) and (2.1.9) imply u \ (tu) = p, where t = of G by N 0 is a group. Since the topology τ on G is T 1 and N 0 is closed in G, then the quotient topology τ q on G/ · /N 0 is also T 1 . 
for every a, b, c in S and u j , v j inǓ for each j ∈ {1, 2, 3}.
Proof. Take arbitrary fixed elements f , g and h in S. . Hence an open covering {W f,g,h : f ∈ S, g ∈ S, h ∈ S} of S ×S ×S has a finite subcovering {W f i ,g i ,h i : i = 1, ..., n}, where n is a natural
U is an open neighborhood of e in G. Therefore, Properties (2.9.1) and (2.9.2) are satisfied for every a, b, c in S and u j , v j inǓ for each j ∈ {1, 2, 3}
We remind the following.
2.10. Definition. Let G be a topological loop. For a subset U in G it is put:
A family of all subsets L U,G (or R U,G ) with U being an open neighborhood of e will be denoted by L G (or R G correspondingly).
2.11. Proposition. Let G be a T 1 topological locally compact fan loop.
Then a family L G (or R G ) induces a uniform structure on G. A topology τ 1 on G provided by L G (or R G respectively) is T 1 ∩ T 3.5 and equivalent to the initial topology τ on G.
Proof. Let (G, τ ) be a topological loop and let B e denote a base of its open neighborhoods at e. In view of Lemma 2.5 C l (U) := {xU : x ∈ G} is an open covering of G for each U ∈ B e . We put C 0 l = {C l (U) : U ∈ B e } and C l to be a family of all coverings for each of which there exists a refinement of the type C 0 l . Below it is verified, that the family C l satisfies Conditions (UC1)- (UC4) of Section 8.1 in [11] . If A ∈ C l , E is a covering of G and A refines E, then there exists U ∈ B e such that C l (U) refines A and hence C l (U) refines E.
Thus (UC1) is satisfied.
Let A 1 and A 2 belong to C l . There are U 1 and U 2 in B e such that C l (U j ) refines A j for each j ∈ {1, 2}. We put U = U 1 ∩ U 2 , consequently, U ∈ B e and hence C l (U) refines both C l (U 1 ) and C l (U 2 ). Therefore C l (U) refines A 1 and A 2 . Thus (UC2) also is satisfied.
Condition (UC3) means that for each A ∈ C l there exists E ∈ C l such that E is a star refinement of A. In order to prove it, it evidently is sufficient to prove that for each U ∈ B e there exists U 1 ∈ B e such that
where St(M, A) denotes a star of a set M with respect to A (see Section 5.1 in [11] ).
Note that a map f (x 1 , x 2 , x 3 ) = (x 1 /x 2 )x 3 is the composition of jointly is contained in W (see Lemma 2.6).
Therefore for each U ∈ B e there exists V 1 ∈ B e such that f (V 1 , V 1 , V 1 ) ⊂ U and cl G (V 1 ) is compact. If for an arbitrary fixed element x ∈ G and some
Using Identities (2.2.3) and (2.1.9) we get that
We choose open neighborhoods V and W of e in G such thatV 2 ⊂ W andW 2 ⊂ V 1 by Lemma 2.6. In view of the inclusion (2.9.2) of Proposition 2.9 and Formula (2.11.2) there exists U 1 ∈ B e such thatǓ 1 ⊂ V and
for every a, b, c in cl G (V 1 ) and u j , v j inǓ 1 for each j ∈ {1, 2, 3}. This implies (2.11.1) and hence (UC3), since p(a, b, c) = e if either a = e or b = e or c = e.
It remains to prove that C l also has the property (UC4). That is for
It is sufficient to find an open neighborhood U of e in G such that
The loop G is T 1 . By virtue of Lemmas 2.5 and 2.6 and the joint continuity of the multiplication and Div r in G there is
.5). In view of Proposition 2.9 there exists
U ∈ B e such that (e/U)p(e/U, U, U \ e)[p(a/U, U, U \ e)] −1 ⊂ U 1 for each a ∈ {x, y}, since the two-point set {x, y} is compact in G, for each W ∈ B e there exists W 1 ∈ B e such that e/W 1 ⊂ W . From (2.2.3) it follows that
By virtue of Theorem 8. 
Proof. This follows from Lemmas 2.6 and 2.12, (2.1.1) and (2.1.2).
2.14. Theorem. Let G and H be T 1 topological fan loops (see Definition 2.1) and let f : G → H be a continuous map so that for each open neighborhood V of a unit element e H in H a compact subset K V in G exists such that 
For a subset A of the loop G let (2.14. 
By virtue of Proposition 2.9 there exists an open neighborhood
for every a, b, c in R 1 , whereV
by the conditions of this theorem. If A and B are compact subsets in G, then their union A∪B is also compact. Therefore it is possible to choose
From the continuity of the map f and Lemmas 2.5, 2.6 it follows that for each x ∈ G open neighborhoods W x,l and W x,r of e in G exist such that
The compactness of S 2 imply that coverings {xW x : x ∈ S 2 } and {W y y : y ∈ S 2 } of S 2 have finite subcoverings {x j W x j : x j ∈ S 2 , j = 1, ..., n} and {W y i y i : y i ∈ S 2 , i = 1, ..., m}. Hence (2.14.
is an open neighborhood of e in G. Therefore according to Proposition 2.9 there exists an open neighborhood U ′ of the unit element e in G such that
for every a, b, c in S 2 , where U =Ǔ ′ , W 0 and W 3 are open neighborhoods of e in G such thatW
Let now x and y in G be such that x \ y ∈ U. Then Formula (2.2.4) imply that (2.14.6) y ∈ xU.
There are several options. Consider at first the case x ∈ K V 2 . From Formulas (2.14.4)-(2.14.6) and Corollary (2.13) it follows that there exists j ∈ {1, ..., n} such that x ∈ x j W x j and y ∈ x j W 2 x j . Therefore, Formulas (2.14.2) and (2.14.
From x \ y ∈ U and Identities (2.2.4) it follows that y = xu for a unique u ∈ U. Hence (2.14.7) x = [t(y, e/u, u)] −1 y(e/u) according to Identities (2.2.3), (2.2.5).
If y ∈ K V 2 , then similarly from Formulas (2.14.4)-(2.14.7) and Corollary (2.13) it follows that there exists k ∈ {1, ..., n} such that y ∈ x k W x k and
, since t(a, b, e) = t(a, e, b) = t(e, a, b) = e for each a and b in G. Therefore, f (x) \ f (y) ∈ V by Formulas (2.14.2) and (2.14.3), since
) (see Formula (2.14.1)).
It remains the case
and f (y) ∈ V 2 . According to the choice of R 1 we have e H ∈ R 1 . From Condition (2.14.2), Identity (2.2.4) and the inclusionV
The uniform (R G , R H ) continuity is proved analogously using the finite subcovering {W y i y i : y i ∈ S 2 , i = 1, ..., m} and Corollary 2.13.
2.15. Corollary. Let G be a T 1 topological locally compact fan loop and let f ∈ C 0 (G) and let H = (C, +) be the complex field C considered as an additive group. Then f is uniformly (L G , L H ) continuous and uniformly
3 Left invariant measures.
3.1. Notation. For a completely regular topological space X by C b (X) is denoted the Banach space of all continuous bounded functions f from X into the complex field C supplied with the norm
We put
denotes the closure of a subset A in G.
3.2. Lemma. Let (G, τ ) be a T 1 topological locally compact fan loop, let also f and φ belong to C exists an open neighborhood U of e and elements b 1 , ..., b m in G such thať U ⊂ V and for each x ∈ S f there exists j ∈ {1, ..., m} such that x ∈ b j \ (qU).
Therefore,
for each x ∈ G according to (2.2.4), so it is sufficient to take c j ≥ f G (2/φ(q)) for each j = 1, ..., m.
3.3. Corollary. Let the conditions of Lemma 3.2 be satisfied and let
3.4. Lemma. Assume that the conditions of Lemma 3.2 are fulfilled,
for each x ∈ G. From Formulas (2.2.4) and (3.4.6) by changing of a variable
for each y ∈ G. From (3.4.7) it follows (3.4.1). Similarly from the inequality
for each x ∈ G we infer that
for each y ∈ G. Thus (3.4.9) implies Equality (3.4.2).
for each y and b j in G by Condition (2.1.8) and Formulas (2.2.2) and (2.3.1).
Hence (3.4.7) transforms into to
Properties (3.4.3) and (3.4.4) evidently follow from Formula (3.3.1).
For proving Property (3.4.
3 
Integrating both sides of Inequality (3.6.3) and utilizing Formulas (3.6.4),
for each x ∈ G. On the other hand,
hence for each x ∈ G there exists γ ∈ N 0 such that
Thus vice versa from ω ∈ Υ(G, N 0 ) and (3.6.6) it follows (3.6.3) and hence (3.6.2), consequently,
Let a 1 , ..., a n in G and positive constants q 1 , ..., q n be such that
for
Conditions (3.5.2), (3.5.3), (3.5.4) we deduce that
for each y ∈ G, where d j = a j (b \ e) for each j. Therefore
3). Therefore we analogously get
From (3.6.7) and (3.6.11) it follows that
for each x ∈ G (see Lemma 3.2). Then from (3.5.3), (3.6.7), (3.6.12)-(3.6.14)
and Lemma 2.2 we infer that
Apparently (3.6.15) implies (3.6.1).
3.7. Lemma. Let G be a T 1 topological locally compact fan loop, φ, f 0 be nonzero functions belonging to
Moreover, if G satisfies Condition (3.5.2) and f 0 ∈ Υ(G, N 0 ) (see Condi-
Proof Applying Inequality (3.6.1) and Formula (3.5.1) we infer Inequality (3.7.4), since J φ,f 0 (f 0 ) = 1.
Lemma. Assume that
On the other hand, a support
to Lemmas 2.2, 2.4, 2.5, Proposition 2.9 and Formula (2.14.3). For an open
.., m} (see also Lemma 2.5), since the subset S f is compact.
We take W 0 = U ∩ m j=1 W x j and choose an open of the form (2.6.1) neighborhood W of e in G with a compact closure cl G (W ) contained in W 0 (see Theorem 3.3.2 in [11] and Formula (2.14.3)), because G is locally compact.
In view of Proposition 2.9 and Lemma 2.6 there exists an open neighborhood V
′ of e in G with V =V ′ and a compact closure cl G (V ) such that
for each a, b and c in S, whereW
(see Formula (2.14.1)), since S is compact, t(a, b, c) = e and p(a, b, c) = e if e ∈ {a, b, c}. For
So remain two cases either b 1 x ∈ S f or b 2 x ∈ S f which are similar to each other up to a notation. From Formulas (2.2.5) it follows that b 2 x ∈ (b 1 V )x is equivalent to b 2 ∈ b 1 V . Hence Lemma 2.2 and Inclusion (3.8.2) provide that
Let w ∈ C 
according to Formula (3.5. 
Proof. The right inequality in (3.9.1) follows from the inequality (3.7.4).
Formulas (3.6.7) and (3.6.12) imply that
Let c 1 , ..., c k , h 1 , ..., h n in (0, ∞) and a 1 , .., a k , g 1 , ..., g n in G be such that
for each x ∈ G (see Lemma 3.2). Then from Identity (2.1.9), Inequalities (3.9.4), (3.9.5) and Conditions (3.5.3), (3.5.4) we deduce that
Suppose that there are y 1 , ..., y k ∈ G and q 1 , ..., q k ∈ (0, ∞) such that
for each x ∈ G. Taking the integral N 0 f (xγ)λ(dγ) and similarly for the right side (see Formulas (3.6.4) and (3.6.4 ′ )), we get from Inequality (3.9.7) that
for each x ∈ G (see Lemma 3.2). Hence
Utilizing Formulas (3.6.1), (3.9.3) and (3.9.8) we infer that
and nonzero functions f and φ in C + 0,0 (G). Using (3.5.1) and (3.9.9) we infer that
Thus the left inequality in (3.9.1) also is proved.
From Inequalities (3.9.1) for J φ,f 0 (f ) and J φ,f 0 (f 1 ) and Formula (3.5.1) it follows (3.9.2).
3.10. Lemma. Let G be a T 1 topological locally compact fan loop satisfying Condition (3.5.2), let f 0 ∈ Υ(G, N 0 ) (see Condition (3.5.3)) and let f 1 ,...,f m be nonzero functions belonging to C + 0,0 (G), let also 0 < δ < ∞, 0 < δ 1 < ∞. Then there exists an open neighborhood V of e in G such that for each nonzero function φ in C + 0,0 (G) with a support S φ contained in V and 0 ≤ q j ≤ δ 1 for each j = 1, ..., m the following inequality is satisfied:
Proof. The loop G is locally compact. Let S f 0 ,...,fm = m j=0 S f j be a common compact support of these functions, where S f j denotes a closed support of f j (see also Subsection 3.1). We choose any function g 1 in C since G is locally compact, such that
for each s \ x ∈ W . Next we take a function g ∈ C 
for every a, b, c in S and k ∈ {1, 2} with U 0 = W and an open of the form (2.6.1) neighborhood W k−1 of e in G such thatW for each s and x in G such that s \ x ∈ U 1 , where t = t G .
Take any 0 ≤ q j ≤ δ 1 for each j = 1, ..., m and put for each s and x in G such that s \ x ∈ U 1 . Moreover, Ψ G ≤ M + ǫ < 2M.
Let s and x belong to S f 1 ,...,fm cl G (W ) and s \ x ∈ U 1 . The latter inclusion is equivalent to x ∈ sU 1 and also to s ∈ x/U 1 . Then from (3.10.2) and (3.10.7) we deduce that
Next we consider the following case: s \ x ∈ U 1 and x / ∈ S f 1 ,...,fm cl G (W ).
Suppose that s ∈ S f 1 ,...,fm , then Condition (3.10.3), Lemmas 2.2, 2.3 imply
Hence s / ∈ S f 1 ,...,fm and consequently, h j (s) = 0 and h j (x) = 0. Thus Inequality (3.10.8) takes place in this case as well.
In the case s\x ∈ U 1 and s / ∈ S f 1 ,...,fm cl G (W ) Condition Then Formulas (3.10.3), (3.10.8), (3.10.9) and Lemma 2.2 imply that for each
for each l. Hence for each x ∈ G we get
Together with Inequalities (3.10.10) this leads to the following estimate:
Dividing both sides of it on (f 0 : φ) we get the inequality (3.10.11)
Then from (3.7.1), (3.7.2), (3.10.5) and (3.10.11) we infer that (3.10.12)
Therefore from Inequalities (3.9.1), (3.10.12), (3.4.5) and for ǫ as above it follows that .., b n in S f cl G (W e ) such that for each x ∈ G and γ ∈ N(G):
where an expression J for a fixed parameter y. We take any fixed δ such that ǫ < δ < ∞. Evidently there exists 0 < η such that Using Proposition 2.9 we take an open neighborhood W ′ 2 of e in G with
for every a, b, c in S, where W 3 is an open neighborhood of e in G such thať
In view of the Dieudonné theorem 3.1 in [18] there exists a partition of unity on S 1 . Together with Theorem 3.3.2 in [11] and Lemma 2.5 this implies that there are functions q 1 , ..., q n in C + 0,0 (G) and elements w 1 , ..., w n in S 1 such that S 1 ⊂ n j=1 w j W 2 and (3.11.6) n j=1 q j (x) = 1 for each x ∈ S 1 and (3.11.7) q j (y) = 0 for each y ∈ G − (w j W 2 ).
The conditions of this theorem imply that for each x and y in G with y \ x ∈ V the following inequalities are satisfied:
since for y \ x ∈ V Inequality (3.11.1) is fulfilled; for u = y \ x / ∈ V the function g is nil, g(u) = 0.
Certainly y ∈ w j W 2 if and only if there exists b ∈ W 2 such that y = w j b.
Then (y \ x) \ (w j \ x) ∈ W 1 if and only if there exists c ∈ W 1 such that
In view of (2.2.2 ′ ), (2.2.4), (2.1.8) and (2.1.9)
Therefore, from Conditions (3.11.5)-(3.11.7) it follows that for each x and y in G and j = 1, ..., n:
Summing by j in (3.11.9), using (3.11.8) we infer that for each x and y in G:
. Next we take any φ and f 0 in C + 0,0 (G) such that φ and f 0 are not identically zero. From Inequalities (3.11.10) after dividing on J y φ,f 0 (g(y \ x)) and Lemma 3.7 it follows that for each x in G:
,
is taken in the y variable in G, where z(y) = g(y \ u) for each y ∈ G and a fixed parameter
Notice that the function g(y \ x) is jointly continuous in (x, y) ∈ G × G.
On the other hand, in view of Lemmas 2.2, 2.4, 2.6
By virtue of Lemma 3.8 a mapping ψ(
Apparently in Formula (3.11.3) the parameter η > 0 can be taken sufficiently small, because Inequalities (3.11.3) and (3.11.12) are independent.
Then from (3.11.11) and (3.11.12) we deduce that for each β > ǫ there exist q j and w j (see above) such that
In view of Lemmas 3.7 and 3.10 for each δ > δ 1 > β > ǫ there exists an open of the form (2.6.1) neighborhood U of e in G such that U ⊂ W 2 and (3.11.14) |J
for each x ∈ S f . We put c j = J φ,f 0 (q j f ) and b j = w j for each j = 1, ..., n.
Thus the estimates (3.11.13) and (3.11.14) and Formula (3.4.1 ′ ) imply the assertion of this theorem.
3.12. Definition. Let W be an open neighborhood of e in a locally compact loop G and a nonzero function φ W ∈ C + 0,0 (G) be such that φ W (x) = 0 for each x ∈ G − W . A family {φ W } of these functions will be directed by:
3.13. Lemma. Let G be a T 1 topological locally compact fan loop satisfying Condition (3.5.2) and let a family of nonzero functions {φ U } in C + 0,0 (G) be directed by Condition (3.12.1). Let also f 0 ∈ Υ(G, N 0 ) (see (3.5.3)) and f ∈ C + 0,0 (G). Then the limit exists:
Proof. It is sufficient to prove that a net {J φ U ,f 0 (f ) : φ U } is fundamental (i.e. Cauchy) in R, where a net {φ U } is directed by Condition (3.12.1).
We take any fixed open neighborhood
. Therefore, a subset S = P (A) is compact (see Formula (2.14.1) and Lemma 2.6), since S f +f 0 is compact.
We choose any function z ∈ C + 0,0 (G) such that z| A = 1. Let 0 < ǫ < 1 and
for each x and y in G with x \ y ∈ W .
In view of Proposition 2.9 there exists an open neighborhood U
for every a, b, c in S, where B 1 is an open neighborhood of e in G such thať constants c 1 , ..., c n and elements b 1 , . .., b n in S f cl G (W e ) such that for each x ∈ G and γ ∈ N(G):
we get f (x) = 0 and g(b j \ x) = 0 for each x ∈ G − A according to the choice of b j in the proof of Theorem 3.11, consequently,
for each x ∈ G and γ ∈ N(G). From the latter estimate and Lemma 3.7 we infer that
From Estimate (3.13.7) and the right Inequality (3.9.1) it follows that (3.13.7 ′ ) sup
Applying the proof above to f 0 instead of f we get and open neighborhood 
for each x ∈ G and γ ∈ N(G), consequently,
, where
is an open neighborhood of e in G. From (3.13.7), (3.13.9) and (3.13.10) we deduce that 
Then from Proposition (2.9. 
since S φ U ⊂ U and t(a, b, e) = t(a, e, b) = t(e, a, b) = e and p(a, b, e) = p(a, e, b) = p(e, a, b) = e for each a and b in G. Therefore we take U 
. Thus the net {J φ U ,f 0 (f ) : φ U } is fundamental, where the net {φ U } is directed by Condition (3.12.1).
3.14. Remark. Suppose that G is a T 1 topological locally compact fan loop and Condition (3.5.2) is fulfilled and f 0 ∈ Υ(G, N 0 ) (see (3.5. 3)), functions f and g belong to C + 0,0 (G) and g is nonzero. Then in view of Lemma 3.13 a functional exists (3.14.1)
As a consequence of Lemma 3.13 and Formulas (3.5.1) and (3.14.1) we get that (3.14.2) the functional J g (f ) is independent of f 0 .
Then Formula (3.9.2) and Lemma 3.13 imply that (3.14.3) (g :
for each f 0 ∈ Υ(G, N 0 ) and a nonzero function f ∈ C + 0,0 (G). 3.15. Theorem. Let G be a T 1 topological locally compact fan loop fulfilling Condition (3.5.2) and a functional J = J g be defined by Formula (3.14.1). Then J possesses the following properties:
Proof. Property (3.15.1) follows from Formula (3.14.3). On the other hand, Lemmas 3.7, 3.10, 3.13 imply Equality (3.15.2).
Then Formulas (3.6.4), (3.6.4 ′ ), (3.6.12), (3.14.1) and Lemma 3.13 imply for each nonnegative µ-measurable function f on G, wherē Theorems 11.22, 11.23, 11.36 and Corollary 11.37 in [18] ).
On the other hand, for each γ ∈ N(G) Formulas (3.4.1 ′ ) and (3.4.2 ′ ) give
From Lemma 3.13, Formulas (3.14.1) and (3.15.9) we deduce that Proof. This is an immediate consequence of (3. At first we take some fixed x 1 ∈ G. Then we construct a sequence {x j : j ∈ N} by induction. Let x 1 , ..., x n be constructed such that if n ≥ 2,
There exists
since G is not compact and U j is open by Lemma 2.6 and cl G (U j ) is compact by Theorem 3.1.10 in [11] and Lemmas 2.4, 2.6. Put x n+1 = y with this y.
Suppose that there is z ∈ x j V ∩ x n+1 V for some 1 ≤ j ≤ n. Therefore there would be v and u in V for which z = x j v = x n+1 u, consequently, denotes the Borel σ-algebra on G. Put ν j (A) = µ j (θ −1 (A)) for each j and
From Theorems 2.8 and 3.16 it follows that the measure ν j on the group
and B ∈ B(G/ · /N 0 ), j ∈ {1, 2}. By virtue of Theorem 15.6 in [18] there are positive constants p j such that ν j = p j η, where η is a left invariant Haar
each b ∈ G and a nonzero function f in C + 0,0 (G). According to Property (3.15.3) we get the identities η j (b, f ) = η j (e, f
[λ] ) = 1 for each j ∈ {1, 2}.
This implies that for each nonzero function f ∈ C + 0,0 (G) and b ∈ G:
The measures µ 1 and µ 2 possess Properties (3.16.1)-(3.16.4). In view of the Lebesgue-Radon-Nikodym theorem (see Theorem (12.17) in [18] or see [5] ) there exists a µ 1 measurable nonnegative function h(x) such that 4 Appendix. Products of fan loops.
The main subject of this paper are measures on fan loops. Nevertheless, in this section it is shortly demonstrated that there are abundant families of fan loops besides those which appear in areas described in the introduction.
4.1. Theorem. Let (G j , τ j ) be a family of topological T 1 fan loops (see Definition 2.1), where j ∈ J, J is a set. Then their direct product G = j∈J G j relative to the Tychonoff product topology τ is a topological T 1 fan loop and
Proof. The direct product of topological loops is a topological loop (see [8, 11, 19] Each element a ∈ G is written as a = {a j : ∀j ∈ J, a j ∈ G j }. From (2.1.4)-(2.1.7) we infer that
and similarly
Therefore (4.1.3)-(4.1.5) and (2.1.8) imply that
Let a, b and c be in G, then
and analogously (ab)c = a(bc)p G (a, b, c), where
Therefore, Formulas (4.1.7)-(4.1.9) imply that Conditions (2.1.9) also are satisfied. Thus G is a topological fan loop. By virtue of Theorem 2.3.11 in [11] a product of T 1 spaces is a T 1 space, hence G is the T 1 topological fan loop.
Corollary. (1).
Let conditions of Theorem 4.1 be satisfied and for each j ∈ J a fan loop G j satisfies Condition (3.5.2). Then the product fan loop G satisfies Condition (3.5.2).
(2). Moreover, if G j is compact for all j ∈ J 0 and locally compact for each j ∈ J \ J 0 , where J 0 ⊂ J and J \ J 0 is a finite set, then G is locally compact.
Proof. Using Formulas (4.1.8) and (4.1.9) it is sufficient to take N 0 (G) = j∈J N 0 (G j ), since the direct product of compact groups N 0 (G j ) is a compact group N 0 (G) (see the Tychonoff theorem 3.2.4 in [11] or [18] ). The last assertion (2) follows from the known fact that G as a topological space is locally compact under the imposed above conditions (see Theorem 3.3.13 in Using direct products it is always possible to extend either A or B to get such a case. In particular, either A or B may be a group. On A × B an equivalence relation Ξ is considered such that We put Similarly from the following equation 
